CONDITIONS OF COINCIDENCE OF CENTRAL EXTENSIONS 
OF VON NEUMANN ALGEBRAS AND ALGEBRAS OF 
MEASURABLE OPERATORS 



S. ALBEVERIO\ K. K. KUDAYBERGENOV^ AND R. T. DJUMAMURATOV^ 

Abstract. Given a von Neumann algebra M we consider the central exten- 
sion E{M) of M. We describe class of von Neumann algebras M for which the 
algebra E{AI) coincides with the algebra S{M) - the algebra of all measurable 
operators with respect to AI, and with S{M, r) - the algebra of all r-measurable 
operators with respect to M. 



1. Introduction 

In the series of paper [1-1] we have considered derivations on the algebra 
LS{M) of locally measurable operators affiliated with a von Neumann algebra 
M, and on various subalgebras of LS{M). A complete description of derivations 
has been obtained in the case of von Neumann algebras of type I and III. A 
comprehensive survey of recent results concerning derivations on various algebras 
of unbounded operators affiliated with von Neumann algebras is presented in [4]. 
The general form of automorphisms on the algebra LS{M) in the case of von 
Neumann algebras of type I has been obtained in [2]. In the proof of the main 
results of the above papers the crucial role is played by the central extensions of 
von Neumann algebras and also by various topologies considered in [3]. 

Let M be an arbitrary von Neumann algebra with the center Z{M) and let 
LS{M) denote the algebra of all locally measurable operators with respect M. 
We consider the set E{M) of all elements x from LS{M) for which there exists a 
sequence of mutually orthogonal central projections {^jjjg/ in M with \/ Zi = 1, 
such that ZiX G M for all z G /. It is known [:>] that E{M) is a *-subalgebra in 
LS{M) with the center S{Z{M)), where S{Z{M)) is the algebra of all measurable 
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operators with respect to Z(M), moreover, LS{M) = E{M) if and only if M does 
not have direct summands of type II. A similar notion (i.e. the algebra E{A)) 
for arbitrary *-subalgebras A C LS{M) was independently introduced by M.A. 
Muratov and V.I. Chilin [S]. The algebra E{M) is called the central extension of 
M. 

In section 2 we recall the notions of the algebras S{M) of measurable operators 
and LS{M) of locally measurable operators affiliated with a von Neumann algebra 
M. We also consider the central extension E{M) of the von Neumann algebra M. 

In section 3 we describe the classes of von Neumann algebras M for which the 
algebra E{M) coincides with the algebras S{M), S{M, r) and M. 

2. Central extensions of von Neumann algebras 

In this section we recall the notions of the algebras S{M) of measurable op- 
erators and respectively LS{M) of locally measurable operators affiliated with a 
von Neumann algebra M. We also consider the central extension E{M) of the 
von Neumann algebra M. 

Let if be a complex Hilbert space and let B{H) be the algebra of all bounded 
linear operators on H. Consider a von Neumann algebra M in B{H) with the 
operator norm || ■ \\m- Denote by P{M) the lattice of projections in M. 

A linear subspace D in if is said to be affiliated with M (denoted as Vr]M), if 
u{V) C P for every unitary u from the commutant 

M' = {y e B{H) : xy = yx, Vx G M} 

of the von Neumann algebra M. 

A linear operator x on H with the domain V{x) is said to be affiliated with 
M (denoted as xrjM) if 'D{x)riM and m(x(^)) = x(m(^)) for all ^ G P(x) and for 
every unitary u G M' . 

A linear subspace D in if is said to be strongly dense in H with respect to the 
von Neumann algebra M, if 

1) Vr]M] 
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2) there exists a sequence of projections {pn}'^=i in P{M) such that Pn t 1? 
Pn{H) C T) and = 1 — p„ is finite in M for all n G N, where 1 is the identity 
in M. 

A closed linear operator x acting in the Hilbert space H is said to be measurable 
with respect to the von Neumann algebra M, if xrjM and 'D(x) is strongly dense 
in H. 

Denote by S{M) the set of all linear operators on if, which are measurable 
with respect to the von Neumann algebra M. If x G S{M), A G C, where C is 
the field of complex numbers, then Ax G S{M) and the operator x*, adjoint to x, 
is also measurable with respect to M (see [10]). Moreover, if x, ?/ G S{M), then 
the operators x + y and xy are defined on dense subspaces and admit closures 
that are called, correspondingly, the strong sum and the strong product of the 
operators x and and are denoted by x + y and x*y, respectively. It was shown 
in [10] that x + y and x*y belong to S{M) and these algebraic operations make 
S{M) a *-algebra with the identity 1 over the field C Here, M is a *-subalgebra 
of S{M). In what follows, the strong sum and the strong product of operators x 
and y will be denoted in the same way as the usual operations, hy x + y and xy, 
respectively. 

A closed linear operator x in ii is said to be locally measurable with respect 
to the von Neumann algebra M, if xrjM and there exists a sequence {zn}'^=i of 
central projections in M such that Zn'l' 1 and ZnX G S{M) for all n G N (see [11]). 

Denote by LS{M) the set of all linear operators that are locally measurable 
with respect to M. It was proved in [11] that LS{M) is a *-algebra over the field 
C with identity 1, the operations of strong addition, strong multiplication, and 
passing to the adjoint. In such a case, S{M) is a *-subalgebra in LS{M). In the 
case where M is a finite von Neumann algebra or a factor, the algebras S{M) 
and LS{M) coincide. This is not true in the general case. In [7] the class of 
von Neumann algebras M has been described for which the algebras LS{M) and 
S{M) coincide. 

Let r be a faithful normal semi-finite trace on M. We recall that a closed linear 
operator x is said to be r-measurable with respect to the von Neumann algebra 
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M, if xrjM and V{x) is r-dense in H, i.e. V{x)r]M and given e > there exists 
a projection p & M such that p{H) C 'D(x) and t(p^) < e. Denote by S{M, r) 
the set of all r- measurable operators with respect to M (see [9]). 

It is well-known that S{M,t) is a *-subalgebras in LS{M) (see [9]). 

Consider the topology t^- of convergence in measure or measure topology on 
S{M, r), which is defined by the following neighborhoods of zero: 

V{e,6) = {xe S{M,t) : 3e G P(M),r(e^) <6,xee M, ||xe||M < e}, 

where e, S are positive numbers, and || ■ ||a./ denotes the operator norm on M. 

It is well-known [9]) that S{M,t) equipped with the measure topology is a 
complete metrizable topological *-algebra. 

Let {Q, S, fi) be a measure space and suppose that the measure /i has the direct 
sum property, i.e. there is a family {fijjjgj C S, < /i(f2i) < oo, z G J, such 
that for any A G S, fi{A) < oo, there exist a countable subset Jq G J and a set 

B with zero measure such that A = [J {A (1 Qi) U B . 

ieJo 

It is well-known (see e.g. [10]) that every commutative von Neumann algebra M 
is ^-isomorphic to the algebra L°°{Q, T,,fi) of all (equivalence classes of) complex 
essentially bounded measurable functions on (f2, and in this case LS{M) = 
S{M) = L^{Q, S,/i), where L°(r2, S,/i) the algebra of all (equivalence classes of) 
complex measurable functions on (f2, S,/i). 

Further we consider the algebra S{Z{M)) of operators which are measurable 
with respect to the center Z{M) of the von Neumann algebra M. Since Z{M) is 
an abelian von Neumann algebra it is ^-isomorphic to L°°{Q, S,/i) for an appro- 
priate measure space (f2, S,/i). Therefore the algebra S{Z{M)) coincides with 
Z{LS{M)) and can be identified with the algebra L^{Q, S,/i). 

The basis of neighborhoods of zero in the topology of convergence locally in 
measure on L^{Q, S, fj,) consists of the sets 

W{A, e, 5) = {/ G L°(fi, S, /i) : 35 G S, 5 C A, /i(A \ B) < 6, 
f-XB^ L°°(fi,S,/x), ||/-XslU-(n,s,M) < £}, 
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where e, 5 > 0, A G S, < +oo, and xb is the characteric function of the set 
5 G S. 

Let us recall the definition of the dimension functions d on the lattice P{M) 
of projection from M (see [6], [10]). 

Let denote the set of all measurable functions / : {Q, — )■ [0, oo] (mod- 
ulo functions equal to zero //-almost everywhere). 

Let M be an arbitrary von Neumann algebra with the center 
Z{M) = L°°(fi, S,/i). Then there exists a map d : P(M) L+ with the fol- 
lowing properties: 

(i) d{e) is a finite function if only if the projection e is finite; 

(ii) d{e + q) = d{e) + d{q) for p, g G P(M), eq = 0; 

(iii) d{uu*) = d{u*u) for every partial isometry u G M; 

(iv) d{ze) = zd{e) for all z G P{Z{M)), e G P(M); 

(v) if {ea}a£j, e G P{M) and Ca t then d{e) = sup d{ea)- 

This map d : P{M) — L_|_, is a called the dimension functions on P{M). 
The basis of neighborhoods of zero in the topology t{M) of convergence locally 
in measure on LS{M) consists (in the above notations) of the following sets 

V{A,e,6) = {x G LS{M) : Bp G P(M), 3z G P{Z{M)), xp G M, 
I^pIIa/ <£, e W{A,e,5), d{zp^) < ez}, 

where e,5 > 0, A eT., fi{A) < +oo (see [11]). 

The topology t{M) is metrizable if and only if the center Z{M) is a- finite 
(see [6]). 

Given an arbitrary family {-Zijig/ of mutually orthogonal central projections 
in M with \/ Zi = 1 and a family of elements {xi}i^i in LS{M) there exists a 
unique element x G LS{M) such that for all 2 G /. This element is 

denoted by a; = ^ ZiXi. 

We denote by E{M) the set of all elements x from LS{M) for which there 
exists a sequence of mutually orthogonal central projections {^jjig/ in M with 
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\/ Zi = 1, such that ZiX G M for all i G /, i.e. 

E{M) = {xE LS{M) : 3zi E P{Z{M)), ZiZj = 0,i^ j,\J Zi = 1, ZiX E M,i E I}, 

where Z{M) is the center of M. 

It is known [3] that E{M) is *-subalgebras in LS{M) with the center S{Z{M)), 
where S{Z{M)) is the algebra of all measurable operators with respect to Z{M), 
moreover, LS{M) = E{M) if and only if M does not have direct summands of 
type II. 

A similar notion (i.e. the algebra E{A)) for arbitrary *-subalgebras A C 
LS{M) was independently introduced recently by M.A. Muratov and V.I. Chilin 
[8]. The algebra E{M) is called the central extension of M. 

It is known [3], [8] that an element x E LS{M) belongs to E{M) if and only 
if there exists / E S{Z{M)) such that |x| < /. Therefore for each x E E{M) one 
can define the following vector-valued norm 

\\x\\= inf{/ E S{Z{M)) : \x\ < /} 

and this norm satisfies the following conditions: 

1) ||x|| > 0; ||x|| = x = 0; 

2) \\fx\\ = \f\\\xl 

3) \\x + y\\ < \\x\\ + \\y\\; 
4:)\\xy\\ < 

5)||xx*|| = 
for all x,yE E{M), f E S{Z{M)). 

Let M be an arbitrary von Neumann algebra with the center Z{M) = L°°{Q, E, /i). 
On the space E{M) we consider the following sets: 

0{A, e, S) = {xE E{M) : \ \x\ \ E W{A, e,5)}, 



where e,S > 0, AeY.^ (^) < +oo- 
The system of sets 

{x + 0iA,e,5)}, 



(2.1) 
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where x G E{M),e > 0,6 > 0,A e < oo, defines on E{M) a Hausdorff 

vector topology tc{M), for wliicli the sets (2.1) form the base of neighborhoods 
of the element x G E{M). Moreover in this topology the involution is continuous 
and the multiplication is jointly continuous, i.e. {E{M),tc{M)) is a topological 
*-algebra. It is known [5, Proposition 3.2] that {E{M),tc{M)) is a complete 
topological *-algebra and M is a tc{M)-deiase in E{M). 

3. Conditions of coincidence of central extensions of von 
Neumann algebras and algebras of measurable operators 

In this section we describe class of von Neumann algebras M for which the 
algebra E{M) coincide with algebra S{M), S{M, r) and M. 

It should be noted that [3, Proposition 1.1] and [5, Theorem 3.1] imply the 
following result. 

Theorem 3.1. The following conditions on a given von Neumann algebra M are 
equivalent: 

(1) E{M) = LS{M)- 

(2) M does not have direct summands of type II. 

In this case the topologies tc{M) and t{M) coincide. 

Now we describe a class of von Neumann algebras M for which the algebras 
E{M) and S{M) coincide. 

Theorem 3.2. The following conditions on a given von Neumann algebra M are 
equivalent: 

(1) E{M) = S{My, 

n 

(2) M = Mfe, where Mq be a von Neumann algebra of type I fin, Mk be a 

k=0 

factors of type loo or III, k = l,n. 

In this case the topologies tc{M) and t{M) coincide. 

For the proof of Theorem 3.2 we need following result. 

Lemma 3.3. If M be a von Neumann algebra of type II with a faithful normal 
semifinite trace r, then E{M) ^ S{M,t) and E{M) ^ S{M). 
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Proof. Suppose that M is a type II von Neumann algebra. First assume that M 
is of type IIi and admits a faithful normal tracial state r on M. Without loss 
generality we assume that r(l) = 1. Let $ be the canonical center-valued trace 
on M. Since M is of type II, there exists a projection G M such that 

pi ~ 1 -pi. 

Then = ^(pj;). From + = $(1) = 1 it follows that 

= ^pi) = ^1. 

Suppose that there exist mutually orthogonal projections pi, p2, ■ ■ ■ ,Pn in M 
such that 

Set Gn = Yl Pk- Then $(e^) = twI- Take a projection Pn+i < such that 
k=i ^ 

Pn+i ~ -Pn+i- 

Then 

Hence there exists a sequence a mutually orthogonal projections {pn}n£N in ^ 
such that 

Note that r(p„) = ^rr- Indeed 

r(p„) = r($(p„)) = r Q^l^ = ^. 

Since 

oo oo 
ji=l n=l 

it follows that the series 

oo 

^npn 

n=l 

oo 

converges in measure in S{M, r). Therefore there exists x = ''^Pn ^ S{M, r). 

n=l 
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Let us show that x G S{M,t) \ E{M). Suppose that zx G M, where 2; is a 
nonzero central projection. Since any is a faithful projection we have that 
zpn 7^ for all n. Thus 

II^xIIm = l||2;a;||Afl = ||Pn||M ■ ||^a;||M ■ WPuWm > \ \zpnXPn\\M = \ \zpnn\\M = n, 
i.e. 

for all n G N. From this contradiction it follows that x G S{M, r) \ E{M). 

For a general type II von Neumann algebra M take a non zero finite projection 
e G M and consider the finite type II von Neumann algebra eMe which admits 
a separating family of normal tracial states. Now if / G eMe is the support 
projection of some tracial state r on eMe then fMf is a type IIi von Neumann 
algebra with a faithful normal tracial state. Hence as above one can construct 
an element x G S{M,t) \ E{M), moreover x G S{M) \ E{M). The proof is 
complete. □ 

The proof of the theorem 3.2. (1) ^ (2). If the algebra M has a direct summand 
of type II, then by Lemma 3.3 we have that E{M) ^ S{M). Hence if E{M) = 
S{M), then there exist mutually orthogonal central projections 2:0,2:1,2:2 with 
zq + zi + Z2 = 1 such that zqM is a type Ijin, ziM is a type loo and Z2M is a type 
III. 

Suppose that zZ{M) is infinite dimensional, where Z{M) is the center M 
and z = Zi + Z2- Then there exists a sequence of nonzero mutually orthogonal 
projections {pn}'^=i in zZ{M). Put 

00 

x = ^npn. (3.1) 

n=l 

n 

Then < x G E{M) and e„(x) = Yl Vk, where e„(x) is a spectral projection 

fc=i 

X corresponding to the interval [0,n]. Since zM is a properly infinite algebra, 

00 

then e„(x)"'" = X] Pfc is an infinite projection for all n G N. This means that 

k=n+l 
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X i S{M), i.e. E{M) ^ S{M). This is a contradiction with E{M) = S{M). 
Therefore zZ{M) is a finite dimensional algebra. Thus 

n 

zM = ^Mk, 

k=l 

where Mk is a factor of type loo or III, k = l,n. Put Mq = zqM. Then 

n 

M = zoM (B zM = ^Mk, 

k=0 

where Mq is a type Ifin, Mk is a factor of type Iqo or III, k = l,n. 
(2) (1) Let 

n 
k=0 

where Mq be a type I/j„, be a factor of type Iqo or III, k = l,n. Since Mq is 
a type Ifin, then from [3, Proposition 1.1] it follows that 

E{Mq) = LS{Mq) = S{Mq). 

Since Mk are factors of type loo or III, k = l,n, then by [7, Theorem 1] we obtain 
that 

SiMk) = Mk = E{Mk), 

for all k = l,n. Hence 

n n 

E{M) = ^E{Mk) = 0S(Mfc) = S{M), 

k=0 k=0 

i.e. E{M) = S{M). 

n 

Now let M = ^ Mk, where Mq is a von Neumann algebra of type Ifin, Mk are 

fc=0 

factors of type loo or III, k = l,n. Then LS{M) = S{M) = E{M) and M does 
not have direct summands of type II. Therefore from Theorem 3.1 we obtain that 
the topologies t{M) and tc{M) coincide. The proof is complete. □ 

We now describe a class of von Neumann algebras M for which the algebras 
E{M) and S{M, r) coincide. 
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Theorem 3.4. Let M be a von Neumann algebra with a faithful normal semifinite 
trace r. The following conditions are equivalent: 

(1) E{M) = S{M,t)- 

n 

(2) M = Mfc, where Mq be a type I fin algebra, be a factors of type loo, 

fc=0 

k = l,n, and restriction of trace r on Mq is finite. 
In this case the topologies tc{M) and tr coincide. 

Proof. (1) =^ (2). If M has a dhect summand of type II, then by Lemma 3.3 
we obtain that E{M) ^ S{M,t). Hence if E{M) = S{M,t), then there exist 
orthogonal central projections zq, z\ with zq \ z\ = \ such that zqM is a type 
I/in, zxM is a type loo- 

If we assume that Z\Z{M^ is infinite dimensional then the element x G E{M) 
defined similarly as in (3.1) we have that x ^ S{M,t), i.e. E{M) ^ S{M,t). 
Hence, ZiZ{M) is finite dimensional. Thus 

n 
k=l 

where Mk is of type loo, k = 1, n. Put Mq = zqM. Then 

n 

M = zqMQziM = 0Mfc, 

k=0 

where Mq is of type I/m, Mk are factors of type loo, k = l,n. Now by Theorem 3.2 
we have that E{Mo) = S{Mo). At the same time by conditions of theorem it 
follows that E{Mq) = S{Mo,tq), where tq is the restriction of r on Mq. Thus 
S{Mq) = S{Mq,tq). Therefore by [7, Proposition 9] the restriction of trace r on 
Mq is finite. 
(2) ^ (1). Let 

n 
k=0 

where Mq is an algebra of type I/i„, Mk are factors of type loo, ^ = 1,"'^ and the 
restriction r on Mq be a finite. Let tq be the restriction of r on Mq. Since Mq is 
of type I fin then by [3, Proposition 1.1] it follows that 

E{Mq) = LS{Mq) = S{Mq). 
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Now since the trace Tq is a finite then S{Mq) = S{M,Tq). Thus E{Mq) 



S{Mq, Tq). Since is a factor of type loo, k = l,n, then from [6, Theorem 2.2.9] 
we obtain that S{Mk, r^) = Mk = E{Mk), where is the restriction of r on Mk, 



k = l,n. Therefore 

n n 

E{M) = E{Mk) = ^(Mfc, n) = S{M, r), 

fc=0 fc=0 

i.e. E{M) = S{M,t). 

n 

Now let M = ^ Mfc, where Mq is an algebra of type Ifm, M^. are factors of 
type loo, k = l,n, and the restriction tq of the trace r on Mq is finite. Since the 
restriction of the trace r on Mq is finite then E{Mq) = S{Mq) = S{Mo, tq) and 
the restrictions of the topologies tc{M) and tr on E{Mq) coincide. Further since 



Mfc are factors of type loo, A; = 1, n, then 

E (0A4 ] = S ( 0M„rU ) = 0M, 



, fc=l / \ fc=l fe=i / k=l 



and the restrictions of the topologies tc{M) and tr on ^ coincide with the 

k=l 

n 

uniform topology on M^. Therefore the topologies tc{M) and coincide. The 

k=l 

proof is complete. □ 

Finally we describe a class of von Neumann algebras M for which the algebras 
E{M) and M coincide. 

Theorem 3.5. Let M be a von Neumann algebra. The following conditions are 
equivalent: 

(1) E{M) = M; 



(2) M = @ Mfc, where Mk are von Neumann factors for all k = l,n. 



k=l 



In this case the topology tc{M) coincides with uniform topology. 

Proof. Let E{M) = M. Suppose that Z{M) is infinite dimensional. Then there 
exists a sequence of nonzero central orthogonal projections {pn}'^=i in M. Put 



oo 

X = 

n=l 



^npn. 



CONDITIONS OF COINCIDENCE OF CENTRAL EXTENSIONS 13 

Then x G E{M) \ M, this is contradiction. This means that Z{M) is finite 
dimensionaL Thus 

n 
k=l 

where are von Neumann factors for all A; = l,n. 
(2) (1). Let 

n 
k=l 

where are von Neumann factors for all k = l,n. Then by the definition of 
central extensions it follows that E{Mk) = M^. Therefore 

n n 

E{M) = E{Mk) = Mfc = M, 

k=l k=l 

i.e. E{M) = M. 

n 

Now let M = ^ Mk, where are von Neumann factors for all k = l,n. Since 

k=l 

Mfc are von Neumann factors for all k = l,n then the restriction of the topology 
tc{M) on Mfc coincides with the uniform topology. Therefore the topology tc{M) 
coincides with the uniform topology. The proof is complete. □ 
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